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It is well known that infinitesimal stability of diffeomorphisms is an open
property. But infinitesimal stability of endomorphisms is not an open property. We
show that for Anosov endomorphisms structural stability is equivalent to lying in
the interior of the set of infinitesimally stable endomorphisms.  1996 Academic
Press, Inc.
1. INTRODUCTION
In the theory of dynamical systems structural stability is an important
concept, and infinitesimal stability is closely related to structural stability.
For example, in the diffeomorphisms theory the following result is proved.
Theorem A [3, 4, 9]. Let f be a C 1 diffeomorphism of a closed smooth
manifold M. Then the following are equivalent:
(a) f is C 1 structurally stable;
(b) f satisfies Axiom A and the strong transversality condition;
(c) f is infinitesimally stable.
In the endomorphisms theory Ikeda introduced the concept of
infinitesimal stability to prove the similarity to properties of infinitesimally
stable diffeomorphisms [1, 2]. In [2], the following question was stated:
Question. Is infinitesimal stability of endomorphisms an open property?
For this question Odani obtained a negative answer [8]. It is evident
that infinitesimal stability of diffeomorphisms is an open property. So we
consider the interior of the set of all infinitesimally stable endomorphisms.
And for Anosov endomorphisms we show a similar result to Theorem A.
Theorem I. Let f be a Cr Anosov endomorphism of a closed smooth
manifold M. Then the following are equivalent:
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(a) f is Cr structurally stable;
(b) f is either an Anosov diffeomorphism or an expanding map;
(c) f belongs to the interior of the set of infinitesimally stable
endomorphisms of M.
2. PRELIMINARIES
Let M be a compact connected smooth manifold without boundary and
let Endr(M), r1, be the space of C r endomorphisms of M endowed with
the Cr topology and Diff r(M) the space of Cr diffeomorphisms of M. We
say that an endomorphism f is Cr structurally stable if there exists a
neighborhood U of f in Endr(M) such that for every g in U there exists a
homeomorphism h of M satisfying fh=hg. If f # Endr(M), let Per( f ) be
the set of all periodic points of f and let 0( f )=[x # M | for every
neighborhood U of x, there exists an integer n>0 with f n(U) & U{,]. We
denote by S( f ) the set of singularities of f, i.e., those points x of M where
Tf | Tx M is not injective.
Definition 1 [4]. We say that f # Endr(M) satisfies Axiom A if there
exist a continuous splitting TM | 0( f )=E sE u, a Riemannian norm & &
on TM, and constants K>0, 0<*<1 satisfying:
(a) (Tf ) EsE s, (Tf ) Eu=Eu;
(b) &(Tf )n v&K*n &v& for x # 0( f ), v # E sx , n>0,
&(Tf )n v&K*&n &v& for x # 0( f ), v # E ux , n>0;
(c) if x1{x2 # 0( f ) and f (x1)= f (x2)= y, then E sy=[0];
(d) Per( f ) is dense in 0( f );
(e) S( f ) & 0( f )=,.
Definition 2 [9]. We say that f # Endr(M) is an Anosov endo-
morphism if S( f )=, and there exist constants K>0, 0<*<1 and a
Riemannian norm & & on TM such that for every f-orbit (xn) there exists
a splitting of n=& Txn M=E
s E u=n= & E sxnE
u
xn satisfying:
(a) (Tf ) Es=E s, (Tf ) Eu=Eu;
(b) &(Tf )n v&K*n &v& for v # Es, n0
&(Tf )n v&K&1*&n &v& for v # E u, n0.
Definition 3 [4]. Let f # Endr(M) and let 4 be a compact subset of
M with f (4)=4. We say that 4 is a prehyperbolic set for f if there exist
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a continuous splitting TM | 4=E sE u, a Riemannian norm & & on TM,
and constants K>0, 0<*<1 satisfying:
(a) (Tf ) Es/E s, (Tf ) Eu=Eu;
(b) &(Tf )n v&K*n &v& for v # Es, n>0
&(Tf )n v&K*&n &v& for v # Eu, n>0;
(c) if x1{x2 # 4 and f (x1)= f (x2)= y, then E sy=[0].
Moreover we need some definitions. If 4 is a compact subset of M let
1 b(4) be the space of bounded sections of TM | 4 with the norm &’&=
sup[&’(x)& | x # 4] and let 1 0(4) be the closed subspace of continuous
sections. If f # Endr(M) and f (4)/4 let Tf M | 4 be the pullback bundle
on 4. Let 1 bf (4), 1
0
f (4) be the corresponding spaces of bounded and con-
tinuous sections of Tf M | 4.
We define the linear operator Lf : 1 b(4)  1 bf (4) by
Lf (’)=(Tf ) b ’&’ b f for ’ # 1 b(4).
Definition 4. We say that f # Endr(M) is infinitesimally stable if the
linear operator Lf : 1 0(M)  1 0f (M) is surjective.
It is easy to see that infinitesimal stability of diffeomorphisms is an open
property. But infinitesimal stability of endomorphisms is not an open
property. Odani obtained the following:
Theorem B [8]. Let f # End1(S 1) be a homeomorphism such that
0( f )=[an attracting fixed point a and a repelling fixed point b] and
S( f )=[an attracting fixed point a]. Then f is infinitesimally stable.
Then we can get a non-infinitesimally stable endomorphism g by
arbitrarily small perturbation around an attracting fixed point a of f in
Theorem B. Hence we consider the interior of the set of infinitesimally
stable endomorphisms. Let IFr(M) be the interior of the set of Cr
infinitesimally stable endomorphisms of M. For convenience we shall say
that f # Endr(M) is S-infinitesimally stable if f belongs to IFr(M).
3. PROOF OF THEOREM I
In this section we will prove Theorem I. In the proof of the theorem we
use the following lemma.
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Lemma. Let f # Endr(M) and let 4 be a compact subset of M with
f (4)=4. Then 4 is a prehyperbolic set for f if and only if Lf : 1 0(4)  1 0f (4)
is an isomorphism.
Proof. The ‘‘if part’’ is proved by the same arguments in the proof of
Lemma A [4]. We only need to prove the ‘‘only if part.’’ Suppose that 4
is a prehyperbolic set for f. Without loss of generality we can suppose that
4 cannot be decomposed into disjoint prehyperbolic sets. At first we shall
show the injectivity of Lf . Suppose that Lf : 1 0(4)  1 0f (4) is not injective.
Then there exists 0{’ # 1 0(4) with Lf (’)=0. Hence there exists an f-orbit
(xn) such that ’(x0){0. Then [’(xn)]/TM is a bounded sequence
such that ’(xn) # Txn M and (Tf ) ’(xn)=’(xn+1) for all n # Z. Since 4 is
prehyperbolic, ’(x0) # E sx0 . Moreover &’(x&n)&K
&1*&n &(Tf )n ’(x&n)&
=K&1*&n &’(x0)& for all n>0. Hence [&’(x&n)& | n>0] is unbounded.
This is a contradiction. Therefore, Lf is injective. Next we shall show that
Lf is surjective. Since 4 is prehyperbolic for f, we can decompose 1 0(4)=
1 0(4)s1 0(4)u and 1 0f (4)=1
0
f (4)
s1 0f (4)
u where if ’ # 1 0(4)s then
’(x) # E sx for all x # 4, similarly for 1
0(4)u, 1 0f (4)
s, 1 0f (4)
u. It is obvious
that Lf (1 0(4)s)/1 0f (4)
s, Lf (1 0(4)u)/1 0f (4)
u.
We shall show that Lf : 1 0(4)u  1 0f (4)
u is surjective. Let ! # 1 0f (4)
u.
We define a bounded section ’u # 1 b(4)u by
’u(x)= :

k=1
(Tf k | E ux)
&1 !( f k&1(x)).
Since 4 is prehyperbolic for f, &(Tf )n v&K*&n &v& for all v # Eu and all
n>0. Hence &(Tf n | Ex)&1&K&1*n for all x # 4 and n>0. Then
&’u(x)&= :

k=1
&(Tf k | E ux)
&1& &!& :

k=1
K&1*k &!&=
K&1 &!&
1&*
.
Therefore ’u is bounded. Moreover it is easy to see that Lf (’u)=!. We
prove the continuity of ’u. Let =>0 be arbitrarily small. Let us take $>0
and 1>+>0 such that if d(x, y)<$ then
(i) &?uxi+1 b =xi+1, yi+1 b !( yi)&!(xi)&<+
(ii) &=xi , yi b (Tf | E
u
yi
)&1&(Tf | E uxi)
&1 b ?uxi+1 b =xi+1 , yi+1&<+
(iii) max[&=yi , yi &, &=xi , yi & | 0in]<
3
2
for all 0in&1, where n is a positive integer, =xy is the parallel trans-
lation from TyM into TxM along the unique shortest geodesic joining
x to y, ?ux is a projection from TxM to E
u
x along E
s
x , and d( , ) is the metric
on M associated to the Riemannian metric.
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Then for y satisfying d(x, y)<$,
&=xy’u( y)&’u(x)&
="=xy {(Tf n | E uy)&1 ’u( yn)+ :
n
k=1
(Tf k | E uy)
&1 !( yk&1)=
& :

k=1
(Tf k)&1 !(xk&1)"
 :
n
k=1
&=xy b (Tf k | E uy)
&1 b !( yk&1)&(Tf k | E ux)
&1 b !(xk&1)&
+ :

k=n+1
&(Tf k | E ux)
&1 b !(xk&1)&+&=xy b (Tf n | E uy)
&1 b ’u( yn)&.
On the other hand,
&=xy b (Tf k | E uy)
&1 b !( yk&1)&(Tf k | E ux)
&1 b !(xk&1)&
&=xy b (Tf k | E uy)
&1 b !( yk&1)&(Tf k | E ux)
&1 b ?uxk b =xk yk !( yk&1)&
+&(Tf k | E ux)&1 b ?uxk =xk yy!( yk&1)&(Tf
k | E ux)
&1 b !(xk&1)&
&=xy b (Tf k | E uy)
&1&(Tf k | E ux)
&1 b ?uxk b =xk yk& &!( yk&1)&
+&(Tf k | E ux)
&1& &?uxk b =xk yk !( yk&1)&!(xk&1)&
&!( yk&1)& :
k
i=1
&=xy b (Tf i&1 | E uy)
&1&
_&(Tf | E uyi&1)
&1 b ?uyi b =yi xi&=yi&1xi&1 b (Tf | E
u
xi)
&1&
_&(Tf k&i | E uxi)
&1& &=xk yk&+K
&1*k+
( 32)
2 &!& :
k
i=1
(K&1*i&1) +(K&1*k&i )+K&1*k+
=( 32)
2 &!& K&2+ :
k
i=1
*k&1+K&1*k+
=( 32)
2 &!& K&2+k*k&1+K&1*k+.
Hence
&=xy’u( y)&’u(x)&( 32)
2 &!& K&2+(1&*)&2+K&1+*(1&*)&1
+K&1 &!& :

k=n+1
*k+ 32K
&2*n &!&
( 32)
2 &!& K&2+(1&*)&2+K&1+*(1&*)&1
+K&1 &!& *n+1(1&*)&1+ 32K
&2*n(1&*)&1 &!&.
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Therefore given ! # 1 0f (4)
u and =>0 we take 1>+>0 and N # Z+ such
that
(a) ( 32)
2 &!& K&2+(1&*)&2<=4
(b) K&1+*(1&*)&1<=4
(c) K&1 &!& *N+1(1&*)&1<=4
(d) 32 K
&2*N &!&<=4.
Let n be a positive integer such that nN. Then we can take $>0 satisfy-
ing (i), (ii), (iii) for above +, n. So if d(x, y)<$ then &’u(x)&=xy’u( y)&<=.
Hence ’u is uniformly continuous. So if E s=0 then Lf : 1 0(4)  1 0f (4) is
surjective. If Es{0 then f | 4 is bijective. Then for each x # 4 there exists
a unique f-orbit (xn) such that x0=x, f (xn)=xn+1 and xn # 4 for all n # Z.
Let !s # 1 0f (4)
s. We define a bounded section ’s # 1 b(4)s by
’s(x)= & :

k=0
Tf k(x&k) !s(x&k&1).
Then Lf (’s)=!s. The continuity of ’s is proved by the similar estimate to
above one of ’u. Hence Lf : 1 0(4)s  1 0f (4)
s is surjective. K
Proof of Theorem I. (b) O (a). By [6] an Anosov diffeomorphism is
structurally stable, and an expanding map is structurally stable [11].
‘‘(a) O (b)’’ is proved in [9].
(b) O (c). If f is either an Anosov diffeomorphism or an expanding
map, then M is a prehyperbolic set for f. By Lemma, Lf : 1 0(M)  1 0f (M)
is surjective; that is, f is infinitesimally stable. Moreover there exists a
neighborhood U of f such that every g # U is either an Anosov dif-
feomorphism or an expanding map. Hence f belongs to IFr(M).
(c) O (b). Suppose that an Anosov endomorphism f is not an expand-
ing map. Then f is a proper Anosov endomorphism. Hence there exist con-
stants K>0, 0<*<1, and a Riemannian norm & & on TM such that for
every f-orbit (xn) there exists a splitting of n=& Txn M=E
sE u=
n= & E
s
xnE
u
xn satisfying
(i) (Tf ) Es=E s, (Tf ) E u=Eu
(ii) &(Tf )n v&K*n &v& for v # Es, n0
&(Tf )n v&K&1*&n &v& for v # Eu, n0
(iii) dim E sx=constant>0 for all x # (xn) and all f-orbit (xn).
If f is injective, then f is an Anosov diffeomorphism. So we suppose that f
is not injective. Using (i) and (ii), it is easy to see that Lf is injective. Hence
Lf : 1 0(M)  1 0f (M) is an isomorphism. By Lemma, M is a prehyperbolic
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set for f. Since f is not injective, f is an expanding map contradicting
to (iii). K
Corollary. Let f be a Cr Anosov endomorphism of M. Then f is
S-infinitesimally stable if and only if it is infinitesimally stable.
4. CONCLUDING REMARKS
Comparing Theorem A with Theorem I, we can naturally induce the
following conjecture.
Conjecture. Let f be a C 1 endomorphism of M where M is a closed
smooth manifold with dim M2. Then the following are equivalent:
(a) f is C 1 structurally stable;
(b) f is either a AS-diffeomorphism or an expanding map;
(c) f is S-infinitesimally stable.
Here we call f a AS-diffeomorphism if f satisfies Axiom A and the strong
transversality condition.
On the other hand, we have several results with respect to infinitesimal
stability of endomorphisms.
Proposition A [8]. C 1 infinitesimally stable endomorphisms of S 1 are
strictly monotone.
Proposition B [7]. C  infinitesimally stable endomorphisms of S 1
have no fold points.
Proposition C. C  infinitesimally stable endomorphisms of M with
dim M=2 have no fold points and no cusps.
It follows from [2] and Proposition A that C 1 S-infinitesimally stable
endomorphisms of S 1 satisfy Axiom A.
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